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Introduction

Linear algebra is a branch of mathematics that relies greatly on the construction and
manipulation of vectors and matrices in order to solve systems of linear equations. A matrix is
defined as a rectangular array of real or complex numbers that are arranged into rows and
columns, and the size of a matrix can be expressed as mxn, where m is the number of rows and n
is the number of columns. For mathematicians, it is always useful to find a way to simplify and
decompose equations and concepts for easier computations and to see the inner workings. This
provides a means to understand the important information the equation or concept can provide.
This is no different for matrices in linear algebra. There are many ways matrices can be
decomposed into its individual elements, with one of the most commonly used methods being
diagonalization through the determination of the eigenvalues and eigenvectors of the matrix.
However, there are constraints to this method that make it useful for only a limited number of
matrices. Therefore, it is necessary to have another method of breaking down matrices. Singular
values of a matrix and Singular VValue Decomposition generalize the concept of diagonalization
to all matrices, including non-diagonalizable matrices, and have many useful real-world
applications. This paper will begin with a discussion of eigenvalues and diagonalization,
followed by the limitations of eigenvalues and how singular values and the Singular Value
Decomposition overcomes these limitations, along with examples and lastly the applications of

the Singular Value Decomposition.
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Eigenvalues
Before discussing singular values of a matrix, we must first discuss eigenvalues and their
importance. Consider the following:

Example 1

Suppose we have a 2x2 matrix A = [_02 _13] This matrix can also be written as

a=[7 S0 ST

which is known as its diagonalized form. The middle matrix is what is known as a diagonal
matrix, which is a square matrix in which all entries that are not on the main diagonal are zero.
We can express the form above in Example 1 in general terms as A = PDP™, where P is the
inverse of matrix P (Andrilli & Hecker, 2010). If we multiply this out, we will see that it is
equivalent to the original matrix A given. If we were to square matrix A, we would have
A= [_02 _13] [—02 —13] - [_62 _73]

This computation can also be accomplished by squaring the D matrix in the diagonalized form:

-1 - —1)2 -2 —

A= 11 21] [( —0) (—2)2] | 12 11]
-7 2 A
[ 7

This is because A* = (PDP)? = PDP*PDP™* = PDDP™ = PD?P™, and to square a diagonal
matrix one just needs to square the diagonal entries. Similarly, A* can be computed by the same
method, where the D matrix is cubed when A is in the diagonalized form. In general, for any

natural number n, A" = PD"P™. So, the benefits of this diagonalized form is that once

diagonalized, computations such as raising a matrix to a given power are greatly simplified, in
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that, the power is applied only to the entries, specifically those along the main diagonal, of D
(Margalit &Rabinoff, 2019). Diagonalization of a matrix is dependent on determining the

eigenvalues and eigenvectors of the given matrix.

Determination of Eigenvalues and Eigenvectors

The values along the main diagonal of the D matrix are known as the eigenvalues of
matrix A and can be defined as follows. For an nxn matrix A, a real or complex number A is an
eigenvalue of A if and only if there is a nonzero n-vector X such that AX = AX. The vector X is
known as an eigenvector corresponding to the eigenvalue A. In other words, the product of AX is
equivalent to the scaling of X by A. The columns of the P matrix mentioned previously are the
eigenvectors of the matrix A. First, one must determine the eigenvalues of a matrix A by using
the following theorem:

Theorem 1: If A is an nxn matrix and A is a real number, then A is an eigenvalue of A if

and only if |Al, — A| = 0 (where | - | represents determinant, and |, is the nxn identity

matrix).
Therefore, the eigenvalues are the roots of the characteristic polynomial of A, which is defined as
p(x)= |xI, — Al
An eigenvector X corresponding to an eigenvalue A is a solution to the homogeneous equation

(Aln — A)X = 0y, where 0, is the zero n-vector (Andrilli & Hecker, 2010). Looking back at
Example 1, we can find the eigenvalues for the matrix A = [_02 _13] The characteristic

polynomial can be written as

=[5 =15 Sl=1G sl
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Taking the determinant, we get the equation p(x) = x (x + 3) — (2)(-1) = x* + 3x + 2. The roots of
this equation are x = —2 and x = —1. Therefore, the eigenvalues of matrix A are 4; = —1 and

A» = —2. From here, the eigenvectors can be found by solving the homogeneous system
(Al = A)X =0, where X = [i:] for each eigenvalue. So, for 4; = —1, the system would become
((=1)I,— A)X =0. Since

_[-1 O 0 17_1-1 -1

(=Dl—A= [ 0 —1] B [—2 —3] - [ 2 2 ]
the augmented matrix is
_[-1 -1y0

[D-Apl =" 7o)

and row reduces to [é (1) 8] This row reduced matrix represents the linear system

1x1 + 1x2 = O
0x1 + 0x2 = O

We see that there are an infinite number of solutions, since X is any real number. So x; = —x;

and x, = x,. Therefore, X = xz[_ll], for any nonzero number X, and if we let x, = 1, then we

generate one eigenvector for A; = —1, which is X; = [_11] Any nonzero scalar multiple of X; is

also an eigenvector for the eigenvalue. This is true for all eigenvectors, since multiplying the
equation AX = AX by a scalar ¢ on both sides gives cAX = cAX, which is the same as
A(cX) = A(cX). Therefore, cX is also an eigenvector relative to A. Through the same process, we

can solve the homogeneous system for A, = —2. The system would be

((=2)l,— A)X = 0 and (—2)I2—A:[_02 _02]_[_02 _13]=[—22 —11]_

The augmented matrix is

(-2-A0 =[50 o)
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1

which row reduces to ll 2
0 0

0
0

l. Here, X, = X, and Xy = — %xz. If we let x, = 2, then the

eigenvectors for A, = —2 are the scalar multiples of X, = [_21] Knowing the eigenvalues and

eigenvectors for a given matrix allows us to easily construct its diagonalized form.

Diagonalization of a Matrix

The method for the diagonalization of a matrix A states that if A and P are nxn matrices
such that each column of P is an eigenvector for A, and P is nonsingular, meaning it has an
inverse (denoted here as P™) then D = P™AP is a diagonal matrix. D and A are said to be similar
matrices. The main diagonal entries of D are the eigenvalues of A such that the ith main diagonal
entry d;; of D is the eigenvalue corresponding to the eigenvector forming the ith column of P.
The equation for D can be arranged to give the diagonalized form of matrix A given previously,
which is A = PDP™, by left multiplying by P and right multiplying by P™ on both sides we get

PDP' =P(P'AP)PT = A

since PP = 1. So PDP™ = A (Andrilli & Hecker, 2010). Returning to Example 1, we can now
diagonalize matrix A given the eigenvalues and eigenvectors found. Matrix P will be composed
of the eigenvectors of A beginning with the X; in first column and X; in the second. Matrix D
will contain the eigenvalues along the main diagonal in the order corresponding to the
eigenvectors in P. Finally, matrix P is the inverse of P. Thus, the matrix components of the
diagonalization are

il PP L PR ] PR
and the complete diagonalization, as shown previously, is

A= [—1 —1] [—1 0 ] [—2 —1].
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Example 2

For our second example, we have the matrix

4 —4 6
A=|-1 2 -1f,
-1 4 -3

which can be diagonalized. The characteristic polynomial can be found by

x 0 O 4 -4 6
0 x Oo|—[-1 2 -—1f
0 0 x -1 4 -3

Taking the determinant, the equation becomes

p(x) =

p(x) =x%—3x? —4x + 12 = (x +2)(x — 2)(x — 3).

3 0 O
Therefore, 11 =3, 1, =2,and 13=—-2.S0,D=(0 2 0O ] For 4, = 3, an eigenvector can be
0O 0 -2

determined by solving the homogenous system (3l; — A)X = 0. So,

3 00 4 -4 6 -1 4 -6
3lz-A=|0 3 O0f|-|-1 2 -1|=]1 1 1|
0 0 3 -1 4 =3 1 -4 6
-1 4 -6|0 1 0 2]0
The augmented matrix is | 1 1 1 0|, which row reducesto (0 1 —1|0|. Therefore,
1 -4 610 0 0 o010
—2 —2
X1 = —2X3, X2 = X3, and X3 = X3. SO, X =x3|[ 1 |,and ifwe letx3=1,then X; =| 1 |. For A4, =2,
1 1
the homogeneous system is (213 — A)X =0, and
2 0 0] 4 -4 6 -2 4 -6
25-A=10 2 O|-|-1 2 -1|=]1 0 1|
0O 0 21 L-1 4 =3 1 —4 5
1 0 1]0
The augmented matrix row reducesto |0 1 —1[0], SO X1 = —X3, X2 = X3, and X3 = Xa.
0 0 010
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-1 -1
X=x3[ 1 [,s0X,=]| 1 |ifwe letx;=1.Finally, for 3 = —2, the homogeneous system is
1 1
(—213-A)X=0, and
-2 0 0 4 -4 61 [-6 4 -6
—2l3-A=|0 -2 O0|—-|-1 2 -1|=[{1 -4 1|
o o -2 l-1 4 -3 1 -4 1
1 0 1]0
The augmented matrix row reduces to [0 1 0]0]|, therefore x; = —x3, X =0, and X3 = X3. So,
0 0 olo
-1 -1
X=Xz 0],andifweletxgzl,thenX3:[0].So,
1 1
-2 -1 -1 -1 0 -1
P:[l 1 OlandP'lz 1 1 1|
1 1 1 0 -1 1

Therefore, the diagonalization of A is

-2 -1 -113 0 O07J-1 O -1
1 1 00 2 Of]1 1 1]

1 1 110 0 -2

A=

Limitations of Eigenvalues

It has been shown how the determination of the eigenvalues of a matrix is useful,
particularly when it comes to the diagonalization of the given matrix. However, there are some
limitations when it comes to the computation of eigenvalues and their use in the diagonalization
of matrices. First, in order to determine the eigenvalues of a matrix, the given matrix must be
square. By definition, a matrix with dimensions other than nxn cannot have eigenvalues or
eigenvectors. Also, in general, a matrix with complex eigenvalues is not diagonalizable (Huang).
Finally, if there are fewer fundamental eigenvectors than eigenvalues, the matrix is

nondiagonalizable (Andrilli & Hecker, 2010). These limitations eliminate a great number of
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matrices from the advantages of eigenvalues and diagonalization. Therefore, a method is needed
to break down and utilize matrices that do not fit the requirements for eigenvalues and
diagonalization.
Singular Values

Another method for decomposing a matrix into its separate components like the
diagonalization of a matrix is known as the Singular VValue Decomposition, which has
components related to eigenvalues, called singular values. In this section, this matrix
decomposition will be described, and examples will be given to show its benefits in comparison
to diagonalization. We will also discuss a method for constructing a matrix with specified
singular values and size using the Singular Value Decomposition and some of its real-world

applications.

A Brief History of the SVD

The SVD was discovered in the 1870s independently by Eugenio Beltrami (1835-1899)
and Camille Jordan (1839-1921), both for the simplification of bilinear forms. James Joseph
Sylvester (1814-1897) wrote two papers focusing on the SVD as a technique for diagonalizing a
quadratic form, and later extending it to include bilinear forms as well. Erhard Schmidt (1876-
1959) approached the SVD through integral equations. Schmidt generalized the SVD to infinite-
dimensional spaces and showed how it could be used to find the best low-rank approximations to
an operator. Eckart and Young extended the SVD to rectangular matrices. The name “singular
value” appears to have come from their use in integral equations and is first used by Bateman

and Picard. In 1937, Smithies uses the term in the same way it is used today (Stewart, 1993).
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Definitions and Tools

In this short section we will discuss some matrix terminology that is needed, and a matrix
theory that is sometimes needed when decomposing a matrix by means of the Singular Value
Decomposition.

Orthogonal set of Vectors — A set of vectors {x;, x5, ..., x;} is an orthogonal set if and

only if the dot product of any two distinct vectors in the set is zero, that is xiij =0.
Unit Vector — Any vector of length 1, is a unit vector, where length of a vector is the
square root of x'x.

Normalization — Dividing a vector by its length to obtain a unit vector in the same

1

VxTx

direction. The equation for normalizing a vector x is u = X, Where u is the unit vector

in the direction of x.

Orthonormal Set of Vectors — A set of vectors {v,, v,,..., v} is an orthonormal set if and

only if each vector v; is a unit vector.

Orthogonal Matrix — A matrix (nonsingular and square) is orthogonal if and only if

AT = A, In other words, the columns form an orthonormal set of vectors.

Gram-Schmidt Process

The Gram-Schmidt Process takes a set of m linearly independent vectors
X1, X2, ..., Xm € R™ and produces a set of m orthogonal vectors vy, va, ..., vy € R™.
Normalizing each of the vectors as they are produced gives an orthonormal set of vectors,

The process is as follows:

1
—Ww;.
,’WIW1
1

Letw, = x, — (x}v;)v, and then normalize = v, = J_wz.

Let w; = x, and then normalize = v, =

T
Wy Wy
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. 1
Let wy = x3 — (xIv)v; — (xFv,)v, and then normalize = v; = J—W3.

T
w3 W3

Letw, = x, — (xIv))v; — (xfvy)v, — (xfv3)v; and then normalize =

174 = W4 .
WIW4_
1

In general, wy, = x;, — ¥ ¥} (xTv;)v;, and then v, = \/=Wk, for
Wi Wk

k =23,...,m.
Then {v;, vy, ..., v, } © R™ is an orthogonal set (Andrilli & Hecker, 2010).
See Result 1 in the Appendix for further explanation of the Gram-Schmidt process.
Now that we have these tools defined, we are prepared to describe the Singular Value

Decomposition as well as the procedure to derive it.

Singular Value Decomposition

A technical description of singular values and the Singular Value Decomposition will
now be given. Let A be any mxn matrix. Singular values are defined as the square roots of the
eigenvalues shared by the matrices A'A and AAT. Singular values are usually denoted by o1, o,
..., op and listed in decreasing order (Bretscher, 2009). It is important to note that, by definition,
AAT and ATA are symmetric matrices. This means they are equal to their transpose, since

(AAN)T = (AN)TAT = AAT and (ATA)" = AT(AT) = ATA.
The eigenvalues of a real symmetric matrix are always real and non-negative and the Spectral
Theorem states that all symmetric matrices are diagonalizable. So, an nxn matrix with real

entries has n linearly independent eigenvectors and for all distinct eigenvalues (non-repeated),
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the corresponding eigenvectors will be orthogonal. This shows that the singular values of any
matrix are always real (Jerison).

The Singular VValue Decomposition, or SVD, is a generalization of the diagonalization of
a matrix. Any real matrix can be factored using the SVD. The SVD decomposes a matrix into the
product of three matrices. Let A be an mxn matrix, andlet o1 > 02> ... > ok > oks1=... = on =0
be the singular values of A. Let V be the nxn orthogonal matrix whose columns are composed of
right singular vectors of A, {vi,...vn}, where v; corresponds to o;. The vectors {vi,...v,} are also
an orthonormal set of eigenvectors for the symmetric matrix A'A, where v; corresponds to A;. Let
U be the mxm orthogonal matrix whose columns are composed of left singular vectors of A,
{u1,...Un}, where u; corresponds to oi. Here, u; = GiiAvi for 1 <i<k. Finally, 2'is the mxn matrix
whose main diagonal entries are the singular values in decreasing order and all other entries are
zero. Then the complete SVD of matrix A is A = UZV' (Andrilli & Hecker, 2010). See Appendix

Result 3 for further derivation of the SVD.

An example, Example 3, will now be shown to visualize the components of the SVD.

Example 3

Given the 2x3 matrix

the SVD, A=U3V", is

Here, we can see the three matrices U, 2, and V are
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1 1 _Z

11 [\/E V18 3]
_|vz2 2 _[5 0 O | 12
U_i _1yp 2_[0 3 ol V_iﬁ Vis 3|
V2 V2 lO 4 EJ
V18 3

Therefore, by the definition of SVD, the entries along the main diagonal of the 2 matrix are the
singular values (o; = 5 and o, = 3) of A. The columns of matrix U (u; and uy) are left singular
vectors of A and the columns of V (vi, v2, and v3) are right singular vectors of A. We will return
to this example and the derivation of its SVD following the procedure for determining the SVD

for any matrix.

SVD Procedure

The procedure for computing the SVD of a matrix can now be outlined. Without loss of
generality, we will assume m < n (since SVD for A =U3V" automatically produces SVD for
AT=Vv3U").

Step 1: The matrix AAT, which is mxm, is formed and its eigenvalues are found (all eigenvalues
of a symmetric matrix are real and positive). The square roots of these eigenvalues are the
singular values, denoted by g;, which can be used to form the X' matrix.

Step 2: Form the nxn matrix A'A and compute all n fundamental eigenvectors for this matrix (a
symmetric matrix such as this will always have a full set of linearly independent eigenvectors).
Step 3: From these n fundamental eigenvectors, we form an orthonormal set of vectors, which
are the columns of V, denoted by v; (eigenvectors corresponding to distinct eigenvalues are
orthogonal, but one may need to use the Gram-Schmidt procedure on the eigenvectors

corresponding to repeated eigenvalues, and all eigenvectors must be normalized).

Step 4: For all g; > 0, compute column u; of U by the formula u; = iAvi.
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Step 5: For all g; = 0, find the fundamental eigenvectors of the AAT matrix, corresponding to the
zero eigenvalues (one may need to use the Gram-Schmidt process in the case of repeated
eigenvalues and, as always, the vectors must be normalized). This will give the rest of the u; for
matrix U.
This completes the procedure to obtain A = UZV".

It is important to note that the columns of U, composed of left singular vectors of A, must

correspond to the right singular vectors of A in the columns of V. Thus, we use the formula

1

u; = — Av; to determine left singular vectors. This formula can be derived from the formula for
l

o
the SVD, A=U3V".
Let u; be the columns of U, v; be the columns of V, and 2; be the columns 2. Since
A =U2V', we can right multiply by V on both sides such that
AV = UsV'V

And since V'V is the identity,

AV =UXY
The ith column of AV is Av; and the ith column of UX'is U2; therefore,

Av; =UX.
As mentioned before, the columns of 2 consist of zeros everywhere except along the

]

main diagonal, which contains the g; entries. So 2; = | g; |, where o; is in the ith position.

0
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So, we have

0]
Avi:u!c%i!
Lo

and we can factor out the g; coefficient such that

H

Av; = g;U| 1 l or,
i
Av; = o;U;.

This final equation can be rearranged such that we get the formula for the columns of U:

1
u; = —A’Ui.
of

Example for Determining the SVD of a Matrix

We will now return to Example 3 and show the process of decomposing it according to

the SVD method. Following the procedure, we will begin by determining the eigenvalues of

3 2

. T_
matrix AA' = 5 3

3 2
2 ] 2 3|= [17 8 ] To determine the eigenvalues, we can find the
—2l5 5 ls 17

characteristic polynomial, p(x) = |xI, — AAT|, or
_[x 01 _[17 87_|[x—17 8
p(x) = [o x] [8 17] = 8  x- 17”'
Taking the determinant, we get the equation p(x) = (x — 17)(x — 17) — 64 = x? — 34x + 225,
the roots of which are the eigenvalues of AA". These eigenvalues are 4; = 25 and 4, = 9. The

singular values of matrix A are the square roots of these eigenvalues, thus o1 = V25 =5 and
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o» =+/9 = 3. From this, we can form the X matrix, which will be a rectangular matrix of the
same size as A, 2x3, and singular values along the main diagonal, with all other entries being
zero. Therefore, for this example,

s=[F 0 9

0 3 of

We can now determine the columns of V by normalizing the fundamental eigenvectors of matrix

ATA.

3 13 12 2
ATA =2 ] e [12 13 —2]

2 8

Beginning with 4; = 25, we need to solve the homogeneous system (25/1; — ATA)X = 0, where

X1
X = |X2|. The augmented matrix is
X3
12 -12 -=-2|0
[251; — ATA|0] = |-12 12 2 |o|,
-2 2 1710
1 -1 0]0
and row reducesto [0 0  1|0], which represents the linear system
0 0 o0l0
1x1_ 1x2 + OX3 = O
Oxl + Oxz + 1x3 = O
Oxl + Oxz +0x3 = O

We see that there are an infinite number of solutions, since x, is any real number. So, x; = x5,

1
X, = X, and x; = 0, therefore X = x, [1] If we let x, = 1, we generate X;, the eigenvector for
0

A1 = 25. This vector must now be normalized in order to make it a unit vector. Normalizing

1

V2

vector X; produces the vector v; = | 1 |, making this a right singular vector corresponding to the
V2
0
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singular value g; = 5. The same process can be completed for 1, =9 and A3 = 0, resulting in the

right singular vectors

1 1 2 1 1
[z = z = ¢
T 1 I
V‘Ilﬁ Vis 3J|a”dv _ils s \/1_8J|
4 1 2 2 1
0 & 3 3 3 3

can find the first column of U, u;, usingo; = 5and v, = | 1 |

0
L
V2
_ 1 _13 2 2
ul_aAvl_sz 3 _z]ll,
1

L V2
0
L Fﬂ L
and u, = */15 . Similarly, we canuse g, = 3 and v, = —\/% to find that u, = ﬁl ,and
V2 [iJ "z
V18
L 1
_|vz 2
U= 1A
V2 V2
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Putting all the components together, we get the Singular VValue Decomposition of A as

1 1 0
1r 1 [x/i V2 ]
A_\/E\/E[Soo]li_iil
L —ijlo 3 oljviz Vs viB|
vZoov2 -2 2 I
3 3 3
More Examples
Example 4
0 1 1

We will use matrix A =

] to display the SVD. We can begin by determining
0 1 1

the matrix AAT and determining the eigenvalues of this matrix:

ol R

To find the eigenvalues, we can find the characteristic polynomial, p(x)= [xls — AAT|, or

x 0 O 2 2 2 x—2 =2 -2
0 x 0ol—1|2 6 2=l -2 x—-6 =2||

0 0 x 2 2 2 -2 -2 x-2

p(x) =

Finding the determinant, we get p(x) = x> — 10x> + 16x. Factoring, we find that the eigenvalues of
AAT are A, =8, A, = 2, and 13 = 0. Therefore, the singular values of A are o1 = 2v/2, 0> = /2, and
o3=0and

22 0 0
2= 0o 2 of

0 0 0
Right singular vectors now need to be determined using matrix AA.

ATA =

0 v2 o][0 1 1 2 242 0
1 2 V2 2 0|=|2v2 6 2
2 2

1 0 ulo 1 1 [
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The augmented matrix when solving the homogeneous system for A; = 8 is

. 6 -2v/2 010
[Bls-A'A0]=|_22 2 —2(01].

0 -2 6|0
1 0 —/2|0
which row reducesto [p 1 —3 |0]. Thus, an eigenvector for AA corresponding to A; = 8 is
0 0 0 10
L
7 k4
Xi=| 3 ] and a right singular vector corresponding to o1 = 2v2 is vy = |%|. We also find that
1 kx
12
1 1 1 1
v.=| 0 |and v3:|—§|. Therefore, matrixV:I% 0 —%Iand
i | 1 | | 1 2 1 |
Ve | 5] = = 3|
1 3 1
| &= = 7=
L 2
% _I[— % 0 EJI.
L 1 1
V2 2 2

Left singular vectors can now be determined using the equation u; = %Avi. We can begin by
l
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[—1

Similarly, we can use this equation along with o» and v, to find that u, = l j For o3=0, we

must find a fundamental eigenvector for AAT corresponding to the eigenvalue A5 = 0. Solving for

the homogeneous system (0l — ATA)X = 0, we get the augmented matrix

-2 =2 -=2/0
[0I;—AAT|0]=|-2 -6 —2|0].
-2 =2 =210
1 0 140 -1
This row reducesto [0 1 0|0, so an eigenvector correspondingto A3=01isX;=| 0 |,anda
0 0 olo 1
_ 1]
V2
left singular vector correspondingto o3=0isu; =| 0 |[. So, the complete SVD of matrix A is
1
vz |
= 4+ X L 2 1
|26 31 ﬁl 22 0 0] 61 Viz ;2|
A:|_6 NG 0 | 0 \/E 0 |——3 0 \/_gl
R I | IS
6 3 2 2 2

Example 5

The next example of the SVD is for matrix

18 -12 -18 -9

A=l 24 9 24 12l

To begin, we can find AAT in order to determine its eigenvalues:

T_
AA _[—24 -9 24 12 —18 —-864 1,377r1

—24
18 —-12 -—18 —9 —12 ‘ [ 873 —864
-9
The characteristic polynomial is p(x)= [xI, — AAT], or

00=5 21 Coer 13l =1 a6a~ x— 13771}
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Taking the determinant, we get p(x) = (x-873)(x-1,377) — 864% = x* — 2,250x + 455,625.
Factoring, we find the eigenvalues of AA" to be 4; = 2025 and A, = 225, making the singular
values of A o1 = 45 and o, = 15. The right singular vectors, and thus the V matrix, can be

constructed by first finding the eigenvectors of ATA. First, we can find A'A as

18 —24 900 0 -—-900 -—450

ATA = -12 -9 [18 -12 -18 —9]: 0 225 0 0

—-18 24 |1-24 -9 24 12 -900 O 900 450

-9 12 —-450 O 450 225

X1

X
Substituting A, = 2025 into the homogeneous system (20251, — ATA)X = 0, where X = xz :
X4

gives the augmented matrix

1,125 0 900 450 |0
0 1,800 0 0 |0
900 0 1,125 —450(0f
450 0 —450 1,800]0

[202514 — ATA|0] =

2

0

-2
0

which row reduces to . S0, X1 = —2X4, X2 =0, X3 = 2X4 and X4 = X4. Thus,

S OO
SO O RO
O Rr OO
o O O O

—2
X= x4l ‘ and if we let x, = 1, then an eigenvector corresponding to A, = 2025 for A'A is

— N O

wilnN

WlkrwINnO
—_—

-2

|[
X1 = g . Normalizing this vector, we get v; = , which is a right singular vector for A. We
1 \;

can repeat this process using A, = 225, which produces the right singular vector v, =

O O - O
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Because m = 2 and n = 4, the difference in dimension produces two more zero eigenvalues for

ATA than AAT has. If we substitute A3 = A4 = 0 into the homogeneous system, the augmented

matrix is
—900 0 900 450 |0
T _ 0 —225 0 0 |0
[0l —A'AI0] =1 g9 0 —900 —450(o0f
450 0 —450 —-22510
1 0 -1 —30]
This matrix row reduces to |0 1 0 O 8| therefore x; = x5 + §x4, X, = 0, X3 = X3, and
0O 0 O 0
lo 0 o olol
1
1 [5]
X4 = X4. SO, X = x3 (1) + x4 | 0 | and if we let x3 = 1 and x4 = 2, we get the eigenvectors
0
0 llj

corresponding to the eigenvectors A3 = A4, =0as X5 = . However, these

eigenvectors are not orthogonal to each other, and we must therefore use the Gram-Schmidt

process to create the orthogonal basis. The first three vectors are orthogonal to one another, and

1

7

if we normalize X3 in the same way we normalized the first two, we get v3 = [9‘ If we substitute

V2
0

these orthonormal vectors into the Gram-Schmidt formula

Wy = Xyg — (xZV1)V1 - (xZVZ)vz - (vas)vs,
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we get
1 1
5 R
_|o 1[o|_|o
wy=|g|—0-0- —Zl%l_l_l}.
2 2
2 Lol L2
1
We can scale this matrix by 2, such that w, = _01 . Finally, w, can be normalized such that the
4
L —_
3v2
- - O - - - -
unit vector isv4 =|_ _1 1. This vector is orthogonal to the other three and is therefore the final
3v2
A
3v2 -
2 2 1
= 0 5 5
_ ) | 0 1 0 0 | )
right singular vector. Therefore, VT = |L o L 0| Left singular vectors (columns of
V2 V2
[L 0 ——L LJ
32 3WZ 3V2

U) can be determined using the formula u; = %Avi. The first column, u4, can be found using o1
L

_2
N
0
:45andv1:| 2 |,so
H
1
3
_2
|
o=ty —1[18 —12 —18 -9 gl
Ve m T T sl24 -9 24 120 S Y
]
- 3
0 47
andu, = | ,°| Using o1 = 15and v, = (1) ,we find thatu, = | 3.
5 0 e
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Therefore,
_3 _4
_ 5 5
U+ _:
5
The final SVD of matrix A is
2 2 1
L L
a=|F TE|s 0 00](1’ Lo 0
¢ _3lo 15 0 oz 0O 7 Of
0 19 L &
32 3W2 32

Example 6

[ 96 80 90 1
[120 100 —69]|
For this example, we will use matrix A=|—24 156 137 |. This time, we start by
24 —68 —27I
24 —68 —27J

using matrix

[ 96 80 90
96 120 -—-24 24 24 11120 100 -69 25,344 12,672 —4,224
80 100 156 —68 —68] —24 156 137|= [12,672 49,984 25,344]
90 -69 137 =27 -=271{ 24 —-68 -27 —4,224 25,344 33,088
24 —68 =27

ATA =

to find the singular values. So, p(x)= [xls — ATA|, or

x 0 O 25,344 12,672 —4,224
p(x) = [0 X 0]— 12,672 49,984 25,344] =
0 0 x —4,224 25,344 33,088
x — 25344 —12,672 4,224
[ —-12,672 x—49,984 —25,344 ] :
4,224 —25,344 x— 33,088

and taking the determinant yields p(x) = x> — 108,416x> + 2,938,507,264x — 16,718,547,124,224.

Therefore, after factoring, we get eigenvalues A4; = 69,696, A, = 30,976, and A3 = 7,744. So, the
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singular values of matrix A are o1 = 264, o, = 176, and oz = 88. Next, right singular vectors of A

and (the columns of matrix V) will be found. Substituting A; = 69,696 into the homogeneous

X1
system (69,69615 ~ATA)X = 0, where X = le, we get the augmented matrix
X3
44,352 —12,672 4,224 10
[69,6961; —~ATA 0] = [—12,672 19,712 —25,344 0],
4224 —25,344 36,608 [0
1 1
. bo 30 1 3 3
which row reduces to o 1 -3[0] So, X1 = 73 X2 = X, and X3 = x3. Therefore, X = x3| 3|,
2 0 2
0 0 O 1
2
) ]
and if we let x3 = 6, then X; = |9|. Normalized, we get a right singular vector v; = IEI' Repeating
6 llil
11

this process for the eigenvalues 1, = 30,976 and A3 = 7,744, we get

rz 9 6 [ 2 9 6-|
11 11 11 11 11 11
9 2 6 T 9 2 6
V=|— —-—— ——landV =|— —— —|
11 11 11 11 11 11
6 6 7 6 6 7
11 11 11 11 11 11

Next, we can use the formula u; = %Avi to find the columns of U. For u;, o1 = 264 and
L

1

. so the formula becomes

|

V1=

N [N [N
v—tlc‘.—\lov—\l'\’

|
(96 80 90|z
120 100 —69 f1911

=2l-24 156 137]|2|
[24 —68 —27J p

24 —-68 —271l11

Uq



SO u, =

U.3:

r
lwoolw
. [ee]

1
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. This equation can also be used to find u, and us, which are u, = Z and

L . Since there are two more rows in this U matrix than there are in the V matrix, there

are two more singular values associated with it. Both of the additional singular values are equal

to zero, so we can say g, = g5 = 0. Left singular vectors associated with these additional

singular values must be found by computing the fundamental eigenvectors of AA" associated

with the zero eigenvalues. Substituting A4 = A5 = 0 into the homogeneous system produces the

augmented matrix

[-23716 —13,310 —-22506 5566 5566 |0

~13,310 —29,161 —3,267 2,057 2,057 0|
[01;-AATI0] =|—22,506 —3,267 —43,681 14,883 14,883]0|.
5566 2,057 14,883 —5929 —5929/0

5566 2,057 14,883 —5929 —5929l0

1 1 E
1 0 O 3 3 o
010 —% —%o
This matrix row reduces to 1 1|01, which represents the linear system
00 1T =3 3o
0O 0 0 O 010
0O 0 0 O o1




Trimmer 27

1 1

1x; + Ox; + Ox3 +§x4+§x5 =0
1

0x; + 1x, + Ox3—€x4—gx5 =0
1 1

0x; + 0x, + 1x3—§x4—§x5 =0

0xq + 0xy + 0x3 +0x4 +0x5 = 0
0xq + 0xy + 0x3 +0x4 +0x5 = 0

. 1 1 1 1
There are two free variables, x, and xs. Therefore, x; = — 3%a — X5, X2 = X4 + - Xs,

1 1 . .
X3 =>X4 + 5 X5, X4 = Xa, and x5 = xs. Letting x, = 6 and x5 = 0, gives a fundamental

2 -

[—2] _jfa
[ 1] V50

eigenvector X, = i 3 | Normalizing gives unit vector u, =| _3_ |. For the final fundamental

V50
o] o
V50

L o

[~2]
_ _ [ 1]

eigenvector, we can let x, = 0 and x5 = 6, which produces the vector X; = | 3 |. All vectors
0

6

Uy, Uy, Uz, and u, are orthogonal to one another. However, uz is not orthogonal to u,. Therefore,
we must use the Gram-Schmidt process to produce an orthogonal vector us to form the
orthonormal basis for matrix U. Using the formula, we get

ws = x5 — (xdup)u; — (xfux)uy — (xduz)us — (xlug)uy, or

[EN
IR
o I

T ———
ﬁ
o
OU‘I|0\U‘I|W u1|
=) =) =)
L
N
vl
,_I__|
S
N
e —— |
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V800
- . . . 9
Normalizing this vector produces a final left singular vector, us = 500 | Therefore,
7

800
25
800
1l _z2 &6 _ 2 __6 ]
2 8 50 800
17 3 1 3
4 8 50 800
3 3 1 3 9
U=I's 5 T5 7% e |
_1r _1 3 L __7
4 8 8 50 800
1 1 3 25
"4 8 8 0 800 A
and the final SVD of matrix A is
1l _2 6 _ 2z __6]
2 8 8 V50 \/800
r _7 3 1 _3 [264 0 0”1 2 85
4 8 8 50 V800 | 0 176 0” 11 11 11|
A=p2 2 -2 = =10 o s8l|l-> - X
N 8 8 50 \/800 11 11 11
1 1 3 6 7 [0 0 OJ[ 6 6 lJ
4 8 8 50 vsoo|L O 0 0 11 11 11
_1 o1 3 5 25
L 4 8 8 \/800 -

The previous two examples have been engineered to give answers that are easier to
handle using a method that will be discussed later. However, an example will now be shown
where a random matrix was chosen, resulting in less guarantee for relatively easy computations.
A potential problem that arises when finding the SVD for any matrix is round-off error when
solving the homogeneous system. If the exact eigenvalues are not used, such as when rounded, it
can result in the trivial solution, since any slight change in the values causes the system to
become nonsingular. An example will now be shown to display the possible issues that may arise
with round-off error when computing the SVD for a matrix in which random integers were

chosen as the data entries.
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Example 7

Given the 2x3 matrix
2 -1 5
A_[6 —4 —4]’

we will now determine the SVD. To begin, we determine that

2 6
oz -1 57|24 ] _r30 -4
A= [ 2l ! _j]_ —4 68l

-4

The characteristic polynomial is p(x) = | x1, — AA"| or
_|[x 01_130 —47 _ |[x—30 4
P =l 2= 128 Gl = 157 4 Zesll
Taking the determinant gives p(x) = x? — 98x + 2024, the roots of which are x = 49 + /377
and x = 49 — +/377. Therefore, the eigenvalues for AA are 1; ~ 68.42 and A, ~ 29.58, and the

singular values for A are o1 ~ 8.27 and o, ~ 5.44. Next, we want to find right singular vectors by

finding the eigenvectors for

2 6 40 —26 -14
ATA=|-1 —4][2 L _54]=[—26 17 11].
5 —4 ~14 11 41

Here, it is important to be as exact as possible when solving the homogeneous system. Solving it
by hand can lead to round off error, which can cause the matrix to be nonsingular and, in turn,
the only solution to be the trivial solution. Using a T1-84 graphing calculator, we are able to plug
in the exact (or at least as exact as the calculator’s precision will allow) eigenvalues

(1, = 49 + /377 and A, = 49 — +/377) for the matrix into the homogeneous system. The
eigenvalues for this matrix also include 1; = 0. By substituting the exact values for 1; and A, as
well as 45, into the homogeneous system individually, we find right singular vectors

—0.696 0.480 —0.533
v ~| 0.468 |, v,~|—0.259], and v3~|—0.845].

0.543 0.838 0.044
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Therefore,

VT =|0.480 —0.259 0.838].

—0.533 —-0.845 0.044

—0.696 0.468 0.543]

We can now construct the U matrix using the formula u; = %Avi. For o1 = 8.27, we get

—0.696
[2 —1 ] 0.468 | = [ 0.103
~ 827 — 0.543 —0.994
and for o, ~ 5.44, we get
0.480
1 PR | BOECET B el
5.44 — 0.838 0.103

Thus, the U matrix is

U= [0103 0.994
0.994 0.103

and the complete SVD is

—0.696 0468 0.543
] 0480 —0259 0.838|.

usVv' = [
—0533 —0.845 0.044

0.103 0.994] [8.27 0 O
—-0.994 0.103!L 0 544 0

If we compute the product of this matrix, which we will call A", we get

2.00 -100 4.99

A =l599 —399 —3.99]

Recall that the original matrix A is

A= [2 -1 _54]

Therefore, in this case, we were able to construct a matrix using the SVD that is very close to the
original matrix. However, round-off still has an effect on the results of the SVVD and could

potentially produce issues in matrices containing a larger variety of data types.
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Looking Back at Diagonalization

The diagonalized form from before with eigenvalues was for A itself and A = PDP™.
With singular values, two diagonalizations can be performed, one for A'A and another for AA™.
By definition, A= U3V', so
ATA = WwzvHTuzy?
ATA = WDTsTuTyzyT
UTU is the identity, since U is orthogonal and UT = U1, so
ATA=VvXTIxyT
ATA=vxTyyT
Here, 27X is a diagonal matrix of size nxn, which we can call D,,,where the entries are the
singular values squared. Therefore, AT A can be written as ATA = VD,,V'T. We can similarly find
the diagonalized form of matrix AA:
AAT = UZVT(UEVT)T
AAT = yzvT(vHTxTyT
AAT = uxvTtysTyT
VTV is the identity, therefore
AAT = UzIzTyT
AAT = UxxTyT
2 X7 is also a diagonal matrix with diagonal entries equal to the singular values squared. This

diagonal matrix is of the size mxm, so we will call it D,,,, and AAT = UD,,,UT.
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Constructing a Matrix with Specified Singular VValues and Size

Just as it is important to know how to decompose a matrix using the Singular Value
Decomposition, it is also important to know how to construct a matrix of any size with any
desired singular values. Given the singular values and the size of the matrix we wish to construct,
we can choose any vector of size mx1 to generate matrix U and any vector of size nx1 to

generate matrix V. To do this, we can use what is known as the Householder Transformation, H.
This transformation is defined by the formula H = | —)%(XXT. A matrix generated using the

Householder Transformation is symmetric and orthogonal. Matrices U and V in the SVD are
required to be orthogonal, therefore this is a useful tool for generating these matrices when given
the singular values to construct matrix A, rather than computing the decomposition A as
previously discussed (see Appendix Result 2 for orthogonality of the Householder
Transformation). This process is best shown through an example, which we will call Example 8.
Example 8

To begin, if we would like to have a matrix of size 3x2 with singular values, o1 =6 and o, = 2,
we can first construct the 2 matrix, as it will be the same size as A with main diagonal entries
equal to the singular values, therefore

6 0

0 2
0 0

2=

Next, we will generate the U matrix, which we know must be 3x3. So, we can take any vector of

1
size 3x1 in order to generate the matrix. If we choose the vector X = | 2], then
1.
1 1 1 2 1
X'X=[1 2 1]|2]|=6, xX'=[2[[1 2 1]1=[2 4 2|,
1 1 1 2 1




which produces the matrix U

1

JJr 2 1 |[;
U:|3—g[2 4 2]:|3—|§
1 2 1 ll

3

—
I

Wi Wb win
Wik WIN Wl
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This same process can be used to find the 2x2 V matrix. If the chosen 2x1 vector is X = [_32]

3

then XX = [3 —2] [_32] =13and Xx"=| > | 3

for the V matrix is

_10]

29
V_|2_13[—6 “lo 1

7

9

-21=[

18

13
12 8

13

In this case, V' = V. So, the completed decomposed matrix is

rz _z _1
I 3 3 3|
A:I_E _1 _EI
3 3 3
[_l _2 EJ

3 3 3

Multiplied out, we get that

_46]. Therefore, the equation

13
12

13

As shown, it is possible to construct any matrix of desired size and with desired singular values

using the Householder matrix to build the SVD in reverse.
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Applications of Singular VValues

Application 1: Image Compression
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An application of the SVD is in image compression. Any image on a computer is
comprised of small red, blue, and green pixels arranged in a grid-like pattern. Due to this pattern,
an image can be represented as data in a matrix. Each pixel is a value in the matrix and has a
range of possible values depending on the desired color. For example, to make the color gray, a
pixel can range in value from 0 to 255, depending on the shade. To store a grayscale image with
dimensions 100x100 pixels, it would require storage of 10,000 different values. This number
increases with the size of the image and for colored images. Computing the SVD of the matrix
for an image and calculating a level of precision can help with saving storage. In the SVD, the
data is arranged so that the most important data is stored close at the top. The most important
data about the rows of matrix A is stored in the first column of matrix U, while the most
important information about the columns of matrix A is stored in the first row of V. For matrix
2, the most important data is located along the main diagonal, while the rest of the matrix is
composed of zeros. This means that a close approximation of the original matrix A can be
computed using the first components of the matrices comprising the SVD. The level of precision
can also be called the mode of precision and refers to the number of columns of matrix U and

rows of matrix V' that are chosen to approximate the original matrix. For example, if we have a
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matrix with dimensions mxn and want a precision of 1 mode, we can multiply the first column of
U by the first row of V" as follows: U’2"F" = [(mx1)(1x1)(1xn)] = (mxn). Therefore, the
resulting image is the same size, but less data has been used. If we were to compress the

100x100 grayscale image from before with a precision of 10 modes, the SVD matrices would

have the dimensions U’ = (100x10),

3’ =(10x10), and V7" = (10x100). So, there
are now only 2,100 pixel data points to store
rather than the original 10,000 (Mathews,
2014). Figure 1 shows an example of an
image reconstructed using the SVD and
various modes of precision. The more modes

of precision used, the better quality, however

/‘w‘
Pirate

because the mast important data is stored Figure 1. Image of size 250x236. Row 1 contains

. ) images constructed using modes 1, 2, 4 and 6 from
near the top of the SVD matrices, relatively left to right. Row 2 uses modes 8, 10, 12, and 14.
Row 3 uses modes 16, 18, 20, and 25. Finally, row
few modes are needed to maintain image 4 uses modes 50, 75, and 100, and the final image is
the original image (Mathews, 2014).

quality. Therefore, the SVD can help in
storage management of images by decreasing the amount of data required to store the image.

Application 2: Filtering Noisy Signals

Similarly, the SVD can be used for filtering noisy data and retain the relevant
information. Say a matrix A of size mxn is representative of digital data from a video or audio
sample and it is contaminated with noise. The SVD breaks the data in A down into r mutually

orthogonal components as follows:

A= U[DW O]VT r_ ol =Y, 6.7,
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Where Zi = uv;' and 01 > 03> ... > o > 0. The noise contamination in A is random and thus the
noise is distributed approximately uniformly across each Z; matrix. Therefore, it is expected that
each o;Z; term contains approximately the same noise level. If we denote the signal-to-noise ratio
in 0;Z; as SNR(o;Z;), then, in general

SNR(01Z;) 2 SNR(0»2,) > ... 2 SNR(05,Z,).
If a group of the singular values, for instance o+, ...oy, are small in relation to the (total
noise)/r, then the SNR(ok+1Zk+1), ..., SNR(ovZ,) are small. The removal of these terms (ox+1Zk+1
through oyZ) would result in a small loss in total signal, but disproportionately large loss of total
noise in A. Therefore, some noise can be filtered out without a significant loss of information
regarding the signal in A (Meyer, 2000).

Application 3: Linear Least Squares Reqgression

The SVD can also be applied to solving linear least squares problems. Linear least

- - (X
squares regression is the procedure for finding 3 VALUE
30 ®
the best-fitting curve for a given set of 2-variable 25 (X VA]'SUE
2 VAL
data. 15 v A([Z<UE VALUE
10 e [y D
Example 9 : VALUE
)
Say we have the data plotted in Figure 2. The 0 . . , 5 A
given x values are x = {1, 2, 3} and the giveny Figure 2. Data points for Example 9.

values are y = {11, 19, 31}. Using the linear least

squares equation, y = a + bx, this means we have the linear system of equations

a+b(1) =11
a+b(2)=19
a+b(3) =31

We can convert this linear system of equations into the form:
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HER

1 1 11
Where A= |1 2], X= [Z] and B = [19 . The question becomes, can we solve the linear system
1 3 31

AX = B for vector X ? Since there are more equations than unknowns (a and b), it is unlikely that
the data is exactly linear, and therefore unlikely the equation can be solved. However, it is
possible to find an X such that the square of the error between AX and B is minimized.

Linear Least Squares and SVD: Let A be an m x 2 matrix, X be a 2 x 1 vector of

unknowns, and B an m x 1 vector of constants. We want to minimize ||AX — B||? over all
possible vectors X.

Suppose A = U2V" is the SVD for A. In this case, Uism xm, Zism x 2, and V is 2 x 2.

(Note: for an orthogonal matrix M and vector Y, ||Y]|? = ||[MY]|? since

IMY||2 = (MY)TMY = YTMTMY = YTY = ||Y||?)

Then,
lAX — BII* = [lUT (AX — B)I|?
= ||UTAX — UTB||?
= ||UTUZVTX — UTB||?
=||IzvTx — UTB||?
Note, VX = [Ziﬂ where v; is the ith column of V and £V X is the m x 1 vector with oy v] X
2

and o,vI X as the first two entries and 0 for entries 3, 4, ..., m. UTB is the m x 1 vector with
entries u! B, where u; is the ith column of u. Therefore,

|AX — B||?> = ||IZVTX — UTB||?
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T T
oI X uTB] o1 X —u; B
1 T T
oI X | TR | oV X — Uy B
= 0 : —ulB

el

m
= (ovIX —ulB)? + (o,vIX —ulB)? + Z:(uiTB)2
i=3

2 m
= ) @wIX —u[B)? + > (ulB)?
i=1 i=3

T
Therefore, to minimize, it is necessary that o;v/ X —u/B =0fori=1,2,0orv] X = ”("T—_B for

2

T
i=1,2 (Assume g, = g, > 0). If we define the m x 1 vector Z as z; = u('if—? fori=1, 2, and 0 for

all other entries, then all solutions, X, to this minimization problem must satisfy z = VT X. Then,
Vz=VVTX=X

T T
is the solution, where X is the 2 x 1 vector given by the sum X = u;—Bvl + u;—sz. Returning to
1 2

Example 9, the approximate SVD of A, rounded to five decimal places, is

0.40266 0.91535

» T — — — .
uxv 0.54751 0.18323 0.81650 0 0.60049 —091535 0.40266

0.32311 -0.85379 0.40825”4.07914 0 ][
0.77191 0.48732 0.40825 0 0

We can use this information to determine the values of a and b in vector X. The singular values
of matrix A are g; = 4.07914 and o, = 0.60049. We can transpose the first two columns of the

U matrix, separately, to obtain the vectors u! and uZ, and v, and v, are the columns of matrix V,

T

.. [0.40266 —0.91535 . _ulB ulB
whichisV = 0.91535  0.40266 ] Therefore, using the formula X = o V1 + o V2 we get
the vector

_ [0.33465
X= [9.99948]
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This is close to the actual values of a and b for the 25 (IX
VALUE
. . - . ! 30 1LY
line of best fit shown in Figure 3, which are a = 3 ’s VALUE
D
and b = 10. This is an intensive method for 20
15
solving least linear squares problems but can be 10
5
useful for larger amounts of data. 0
0 1 2 3 4
Figure 3. Line of best fit for Example 9
data.
Conclusion

Singular values of a matrix and the Singular Value Decomposition are great tools that
generalize the ideas of eigenvalues and diagonalization of a matrix to any matrix of any size. By
decomposing a matrix into the product three separate matrices, it is easier to examine the
information a matrix holds and manipulate the data as needed. It is also useful to be able to
construct a matrix with known singular values using the Householder Transformation. Finally,
there are many real-world applications for the SVD, one of which is image compression. By
storing a smaller portion of the image data from the decomposed matrix, rather than the entire
image, storage space can be saved while much of the image’s quality is retained. Another
application is in noise filtering, where noisy data is filtered, while relevant data is retained. The
final application discussed was the use of the SVD to approximate the linear least squares
regression for a given set of data. The SVD is a useful process for decomposing matrices of any
size containing any kind of data, allowing one to study, manipulate, and understand a matrix and
its components in more depth, in contrast to diagonalization.

Upon entering this project, the main focus was on studying and understanding a higher-

level mathematics concept that was not presented in any of the courses offered in the
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undergraduate course of study at North Carolina Wesleyan College, and relating it back to
information that was presented. However, through researching this topic, it became apparent that
there is very little approachable literature on the topic of singular values and the Singular Value
Decomposition. This matrix decomposition can also be quite tedious to do by hand. There are
software packages available for this purpose, however none were utilized during the course of
this project. It was necessary throughout the course of researching and writing about this topic to
create our own procedures for various methods discussed, including the SVD itself and
constructing a matrix using the Householder Transformation, much of which came about through
trial and error. The major takeaway from this project is that there are often multiple ways to
approach a topic in mathematics and it may be necessary condense the information provided
within the limited literature to look to for guidance in order to obtain an approachable method for
understanding. However, this guarantees a deeper understanding of the topic at hand and of the

building blocks used along the way.



Trimmer 42

References

Andrilli, S., & Hecker, D. (2010). Elementary Linear Algebra (4™ ed.). Academic Press.

Bretscher, O. (2009). Linear Algebra with Applications (4™ ed.). Pearson Education, Inc.

Gundersen, G. (2018). Singular VValue Decomposition as simply as possible [Blog Post].
Retrieved from http://gregorygundersen.com/blog/2018/12/10/svd/

Huang, C. C. Lecture 13: Complex Eigenvalues and Factorization. Personal Collection of C. C.
Huang, Wright State University, Dayton OH.

Jerison, D. Math 2940: Symmetric Matrices have Real Eigenvalues. Personal Collection of D.
Jerison, Cornell University, Ithaca, NY.

Margalit, D., & Rabinoff, J. (2019). Interactive Linear Algebra. Georgia Institute of Technology.

Mathews, B. “Image Compression using Singular Value Decomposition (SVD)”, 12 December
2014, The University of Utah.

Meyer, C. (2000). Matrix Analysis and Applied Linear Algebra. Society for Industrial and
Applied Mathematics.

Stewart, G. (1993). On the early history of the singular value decomposition. SIAM Review,

15(3), 5-13.


http://gregorygundersen.com/blog/2018/12/10/svd/

Trimmer 43

Appendix
Result 1: Reasoning for Gram-Schmidt Procedure.
To begin the Gram-Schmidt process, we start with the linearly independent set of vectors
X1, X5, ., X € R™ and normalize vector x;, forming vector v;. Note that vector x, can
be decomposed into x, = av; + w,, where av; is a vector lying in the direction of v,
and w,, is a vector that is orthogonal to v;. So, this equation can be solved such that
w, = x, — av,. The vector av; is the projection of x, onto v, so it can also be written
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as av, = ( )v1 = (x,Tv,)v,. Therefore, we now have the equation w, = x, —

(x,Tv;)v,, and normalizing w, gives the vector v,. We can continue by decomposing
vector x; into a linear combination of the existing orthonormal vectors vy, v,, ..., Vx4
and the vector wy, which is orthogonal each vector v;. So, we get

k— .
Xk = Lii Projy Xy + wy.
T
The formula for projection is proj,b = (ZT—Z) a, so we have

T
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pro)y; X = T, v; = (g vy,

i Vi
and, in turn,
—_ k—1 T
X = Nieq (X" v)v + wy.

Solving for wy, yields

k—1
Wy = Xk — Z(kavi)vi
i=1

and normalizing gives the vector vy,. Since the original set of vectors {x;, x5, ..., X, } IS
linearly independent, the process is guaranteed to produce a new set of linearly

independent vectors {v,, v,, ..., U, }, Since linear combinations of linearly independent
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vectors are uniquely determined by the coefficients. Note also that wy, is orthogonal to

each vector v; for each vector j = 1,2, ...,k — 1 since

T

k-1
WkTVj = (xk - Z(kavi)vi> Vj
i=1
k-1
= (ka - Z(kavi)viT> v;

i=1

k-1
= kaVj - Z(kavi)viij
i=1
= kaUj - (Xkij)vavj = kaUj - Xkij =0.
(Recall that the vectors v; are orthonormal, so, by definition, v;"v; = 1 and v;,"v; = 0,
fori # j)
Therefore, the Gram-Schmidt method produces an orthonormal set of vectors

Vi1, Vy, o, Uy € R™,

Result 2: Householder Matrix Is Symmetric and Orthogonal.

Let x'x = 1 and form the Householder matrix U = | — 2xx".

1) (xx")T = (x")x" = xx". Therefore, xx" is symmetric. -2xx" is also symmetric since a scalar
multiple of a symmetric matrix is symmetric. Finally, | — 2xx" = | + (-2xx") is the sum of
symmetric matrices, which is also symmetric. Therefore, U is symmetric.

2) UU' = U?since U is symmetric. So,

UU™ = (1 - 2xx")(1 — 2xx")
UUT = 1— 2xx" — 2xx" + 4xx'xx"

UUT =1 —4xx" + 4x(x"X)x"
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UUT =1 — 4xx" + 4xx"
uu'=1.

Therefore, U is an orthogonal matrix.

Result 3: Reasoning for SVD.

To begin, a pair of orthogonal vectors v; and v, in two-dimensional space forms a basis
for that space. If we apply a matrix transformation A to these vectors, we get vectors Av;
and Av,. These vectors can also be written as unit vectors u; and u, times their respective
magnitudes, which we will call o1 and o. Thus, these two transformed vectors can now
be written as Avy = uy o1 and Av, = U,0. Any vector x in the space can be expressed using
the basis vectors v; and v, as follows:

X = (X"V)Vy + (XV2)Va,
where x'v; represents the dot product between the two vectors and is a scalar value. If we
left-multiply both sides by A, we get

Ax = (X"V1)Avy + (X Vo)AV,

Since Av; = ujo; as shown before, we can rewrite the equation as

Ax = (x"v1) Uy + (X'V2) Upom.
Since the dot product is commutative, and since this is a scalar value, it can be moved to
the end of the each expression in which it appears in the equation as follows:

AX = UpoaV1' X + Upos Vo' X = (U1oVa ' + UpoaVa ' X.
Since x is arbitrary (see Appendix Result 4), we have
A=Uiowvi' + Usoovs .

Rewritten into matrix form, we get SVD form for all 2x2 matrices:
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This can be generalized for any matrix A with dimensions mxn to give the SVD equation

A = U3V" (Gundersen, 2018).

Result 4: Matrix Claim.

Let A and B be mxn matrices. If Ax = Bx for all nx1 vectors x, then A = B.
Proof: Suppose Ax = Bx for all nx1 vectors x, then Ae; = Be;j, where g is the ith standard
basis vector for R". Ae; is the ith column of A and Be; is the ith column of B. Therefore,

each column of A is equal to the corresponding column of B. Therefore A=B. m



